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Consider the higher order neutral differential equation 
(y(f)+ : P,y(f-T,)+ F r,Y(f-b,)P’+ i 4y(l-u,)=0. (1) 
,=I ,= t ,=I 
We study the asymptotic behavior of solutions of Eq. (I), and we obtain several 
suflicient conditions for the oscillation of solutions of Eq. (I ). This paper generalizes 
all results of Ladas and Sficas [11. 0 1990 Academic Press, Inc. 
1. INTRODUCTION 
In this paper, we deal with the asymptotic and oscillatory behavior of 
the solutions of the NDDE of order n 3 1. 
(v(t)+ 2 Piy(t-Ti)+ f rjy(f-aj))(n)+ 5 q,y(t-G,)=O, (1) 
i=l j=l s=l 
where qs are nonnegative constants, the delay zi, S,, oS are nonnegative, 
and coefficients pi, rj are real parameters. The case where n, = 0, n2 = 1, 
and n3 = 1 has been studied by Ladas and Sficas [ 11. 
As usual, a solution of Eq. (1) is called oscillatory if it has arbitrarily 
large zeros and nonoscillatory if it is eventually positive or negative. 
2. ASYMPTOTIC BEHAVIOR OF NONOSCILLATORY SOLUTIONS 
In this section, we study the asymptotic behavior of the nonoscillatory 
solutions of the nth order NDDE 
(u(t)+ f  piy(f-Tj)+ fJ rjy(t-dj))(“)+ jJ qsy(t-fT,)=O, t > to 
i=l j=l S=l 
(1) 
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under the hypothesis: 
(H) pi, rj, qS, zi, dj, and crs are real constants, pi >O, rj <O, qS> 0, 
and also Odr,< ... 6r,,<6,6 ... <a,,,, 6,>0, O<o,< ... <c,,,. 
THEOREM 1. Consider the NDDE ( 1) and assume that the hypothesis (H) 
is satisfied. Then the following statements are true. 
(a) Assume that n is odd and that Cy1, pi + cy= 1 rj d - 1. When 
n2 = 1, every nonoscillatory solution of Eq. (1) tends to + 0~) or - 00 as 
t-+oO. 
(b) Assume that n is odd or even and that cJ.‘t, rj > - 1. Then every 
nonoscillatory solution of Eq. (1) tends to zero as t -+ og. 
Proof. (a) As the negative of a solution of Eq. (1) is also a solution of 
the same equation, it suffices to prove that an eventually positive solution 
of Eq. (1) tends to + co as t + co. For our convenience we adopt the 
convention that all inequalities about values of functions are assumed to 
hold eventually for all t sufficiently large. Set 
z(t)= y(f)+ 5 piy(t-ri)+ $J rjy(t-6,). 
i=l /=1 
(2) 
Then 
z(“)(t)= - 2 qSy(t-fJa,)<O 
s=l 
(3) 
and so zcn-l’(t) is eventually strictly decreasing. Also all the derivatives of 
z of order less than or equal to n - 1 are monotone functions. From (3), 
it follows that either 
lim zcn-l)(t)= -co (4) t-00 
or 
L = lim z(“- r’(t) (5) t-00 
is finite. However, we claim that (5) is impossible. Otherwise, integrating 
(3) from t, to r with t, suffkiently large and letting t -+ cc we find 
L-z("-1)(t,)= - 2 q9 Jrn y(f-a,)&, 
s=l 11 
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which implies that y~L’[t,, cc). Thus, from (2), z~L’[t,, co) and since z 
is monotone, it follows that 
lim z(t) =0 (6) ,+CC 
and so L = 0. As the function z@-‘) (t) decreases to zero, it follows that 
z’“-“(t)>O. (7) 
Also (6) implies that consecutive derivative of z must alternate sign. Thus, 
in view of (7) and the fact that n is odd, we have 
z(t) > 0. (8) 
However, (8) implies that 
y(l)+ 2 PiY(t-Tj)> jJ (-Yj),V(t-hj). 
i= 1 j=l 
Integrating from T to cc with T sufliciently large, we find 
jy Ytrldt+ 2 Piir-z .YCfldt> z twrj) I:-, Y(t)dt. 
i=l j= 1 I 
Then 
Since 
(1, 2 pi+ f [j)<O, 
i=l j= 1 
it is impossible that the above inequality holds. Hence (4) holds. Further- 
more, (4) implies that 
lim z(t) = - co. 
r-m 
Then 
: rjY(r-aj)<Y(z)+ 5 pjy(t-Tj)+ 2 <iy(t-6,) 
j= I i= I j= 1 
= z(t) + -cc (as t -+ co). 
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r1y(t-6,)<z(t)+ -cc as t-rco. 
Since y1 < 0, then lim, _ m y(t) = co. The proof of (a) is complete. 
(b) Let y(t) be an eventually positive solution of Eq. (1). Introducing 
the function z(t) as in (2) of the proof of part (a), we find that either (4) 
or (5) holds, We claim that in this case, (4) is impossible. Otherwise, we 
shall also have that 
lim z(t)= -co. (9) 
t-m 
Obviously, in this case, y(t) cannot be bounded. Otherwise, z(t) will be 
bounded. We claim that y(t) cannot be unbounded too. Otherwise, there 
exists a sequence of points { tk} such that 
lim 
k-cc 
t, = co, y(fk) = max y(s), and !‘rna y( tk) = co 
s < lk 
We have 
Z(tk)=JJ(tk)+ f PiY(tk-r,)+ ij rjY(tk-dj) 
i= 1 i=l 
2 y(tk)+ F piy(tk-ti)+ ( f r,) Y(h) 
1=l J=I 
&(I+:, rj) Ark), (10) 
Since (1 + c;l, ri) > 0 and y( tk) -+ 00 as k -P co, it follows that 
lim z(tk) = co, 
kdoc 
which contradicts (9). So we have established the validity of (5). We also 
have, in this case, as in the proof of (a), that (6) holds. 
Next, we shall prove that lim,, ocI y(t) = 0. Since y(t) > 0, it suffices to 
prove that lim, _ m y(t) = 0. Since lim, _ m z(t) = 0, z(t) is bounded. As in 
the proof of the beginning of (b), it is easy to see that y(t) is bounded too. 
Then i&,, o. y(t) is finite. So there exists a sequence (tk} such that 
lim k _ ~ y( tk) = lim, _ co y(t). Then we have 
O= lim z(fk)=>lma y(h)+ f piy(t,-Ti)+ f riy(t,-d6,) . 
k~c.2 ( i=l j= 1 > 
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Since lim, _ m y(tk) exists, 
exists. Then we have 
O=)\rnm v(r,)+!irna 2 Piy(tk-Zi)+ $J rjv(t,-hj)). 
( i=l j=l 
Since sequences ( y(tk - ri)} and (r(t, - Sj)> are bounded, using the 
method of selecting subsequence repeatedly we can select a sequence 
A;} c {tk} such that lim,, oD tk, = co, lim,, a: y(tk, -r,), and 
I* ao y(tk, - ~3,) all exist. Then we have 
0 = /im, Y(tk,) + z pi !irnm Y(tk, - ri) + 2 rj !imW Y(rk, - 8,) 
i=l * j= I 
>lim y(t)+ ij: Yj lim v(t) 
r-m j=l f-m 
Since 1 + x,JYt 1 rj > 0, lim, _ o. y(r) = 0. Hence lim, _ o. r(t) = 0. 
3. SUFFICIENT CONDITIONS FOR OSCILLATION 
In this section we shall obtain sufficient conditions for the oscillation of 
solutions of Eq. (1). As in the proof of Theorem 1, we assume that v(t) is 
an eventually positive solution of Eq. (1). Set 
then 
Z(t)=y(t)+ z Piy(tezi)+ f rjy(t-6j) 
i=l j= 1 
z’“‘(t)= - z qsy(t-~s)<O. 
s=l 
Then for k = 0, 1, 2, . . . . n - 1, we have 
lim zCk’(t)= 0” 
if c;;~~~+cJ”~=, rj<-landnisodd (12) 
I--r00 if CFiI rj 2 - 1. (13) 
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Except for the case cy’ r rj = - 1, it is easy to see that (12), (13) are true 
from Section 2. For the case CjnL r rj = - 1, it suffices to note that from (10) 
we have 
which contradicts (9). Then (5) and (6) hold. Hence (13) is true. Also, for 
c,“i. r rj 2 - 1 and any n, even or odd, we have that 
z@- l’(t) > 0 (14) 
and 
z”‘(l) z(‘+ “(t) < 0 for I = 0, 1, 2, . . . . n - 1. (15) 
From (14) and (15) we find the following result which for easy reference we 
state as a lemma. 
LEMMA 1. Assume cyZ, r, > - 1. Then z(t) is bounded. Furthermore, 
z(t) > 0 and z(t) is decreasing for n odd while z(t) < 0 and z(t) is increasing 
for n even. 
It is useful to note that the function z(t) as defined above is an n-times 
continuously differentiable solution of Eq. (1). That is 
z(“)(t)+ 2 p;z(“)(t-ri)+ 5 rjz(“‘(t-6j)+ f qsz(t-o,)=O. (16) 
i=l j=l s=l 
Set 
w(t)=z(t)+ z piz(t-zi)+ 5 r,z( t - sj). 
i=l j= 1 
Then from (16), it follows that 
W(n)(t)= - T q,z(t-o,). 
s=l 
(17) 
Furthermore, w(t) is itself a Zn-times continuously differentiable solution of 
Eq. (1). That is 
W”“(t)+ fJ piW’“‘(t-T,)+ f r.iw’“‘(t-6j)+ f qsW(t-Oo,)=O. (18) 
i= 1 j=l s= 1 
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From (17), (12), and (13), it follows that for k=O, 1, 2, . . . . n, 
+cO Y, f -1 andnisodd 
lim 14@)(t) = i= I j=l 
t-n3 
0 if 2 ~~2-1. 
j-1 
Moreover, for XJ: r rj 3 - 1, consecutive derivatives of w(r) have alternate 
signs. For future reference we state the following lemmas about u(6). 
LEMMA 2. Assume n is odd. Then for XI;, p, +C$ 1 rj < - 1 or 
c/“=l rj> -l, w(“+l)(t)>O and w(t)>O; and also for XI;, pi+ 
c,“= 1 rj d - 1, w’(l) > 0 while for Cyl, r.i > - 1, w’(t) < 0. 
LEMMA 3. Assume n is even. Then, for Cy'=, rj b - 1, w@-‘)(t) ~0, 
w’(t) < 0, and w(t) > 0. 
The following lemma, which is essential in the proofs of our oscillation 
theorems, has been extracted from Refs. [l-3]. 
LEMMA 4. Assume that y and p are positive constants and suppose that 
y”“(p/n) > I/e. (19) 
Then 
(i) for n odd, the inequality 
has no eventually positive solution; 
(ii) for n odd, the inequality 
x’“‘(t) + yx(t - p) d 0 
has no eventually positive solution; 
(iii) for n even, the inequality 
x(“)(t) - yx( t - p) G 0 
has no eventually negative bounded solution. 
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We now are ready to state several suffkient conditions for the oscillation 
of solution of the NDDE, 
( 
11, 
YCt)+ C PiYCtpzi)+ 2 
(n) n3 
rjY(r-6j) + 1 q,y(t-a,)=O, tat,, (1) 
i=1 j= 1 > s=l 
where the coefficients and the delays satisfy the hypothesis (H). 
THEOREM 2. Assupe n is odd and that the hypothesis (H) is satisfied. 
Then, each of the following three conditions implies that all solutions of 
Eq. ( 1) oscillate. 
(i) 2 pi + 5 rj < - 1 and 
i=l j= 1 
(- 2 ,,/I+ f pi+ 2 rj)1’fl(6,-0,,)/n>l/e, 
S=l i= I j= 1 
(ii) f pi+ f rj=-l, 
r=l j= 1 
(20) 
(21) 
(iii) 2 rj = - 1 and 
j= 1 
(z, qS/!, Pi)“‘(Ql--Tn,)/n>l/e when~Ipi>o~ (22) 
or f 9; > - 1 and 
j=l 
(23) 
Proof. Assume that one of the conditions (i)-(iii) is satisfied and that 
contrary to the conclusion of the theorem, Eq. (1) has an eventually 
positive solution. Then from Lemma 2, w(t) > 0 and w@+‘)(t) > 0 which 
implies that w(“)(t) is strictly increasing and also from Lemma 2, for 
CJ’z, rj 2 - 1, w’(t) < 0 which implies that w(t) is strictly decreasing while 
for C;’ 1 pi + CJY= r rj < - 1, w’(t) > 0 which implies that w(t) is strictly 
increasing. 
First, assume that (20) is satisfied, then from (18), we find 
(’ + ig, Pi + j!l 5) w’“‘(t--6,)+ f qs w(t-a,,)<0 ( > (24) .s= I 
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then 
which by Lemma 4(i) has no eventually positive solution. This contradicts 
w(t) > 0 (25) 
and proves the theorem when (20) is satisfied. Next, assume that (21) is 
satisfied. Then from (18), we find that 
( 1 + 2 pi + f rj ~(“)(t---~,)+ f q5 w(t-fJ,)<O. ,=I j= I > ( i s=I 
Then we have 
( ) f qs w(t--a,)<0 x=1 
then w(t)<O, which contradicts (25). 
Finally assume that (22), (23) are satisfied. Then from (18) we have 
( 
l+fJP~+~ rj w’“‘(t -7,,) + f q9 w(t-aa,)<O. 
i= 1 ,j= 1 > ( > s=l 
Then 
or 
l+ 2 pi+ jJ rj w(t-(al-z,,))<0 
i= 1 j=l 
which by Lemma 4(ii) have no eventually positive solutions. This 
contradicts (25) and completes the proof of Theorem 2. 
THEOREM 3. Assume n is odd and that the hypothesis (H) is satisfied. 
Suppose that - 1 <C:=, rj and 
(26) 
Then every solution of Eq. (1) when n, = 0 oscillates. 
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ProoJ Assume, for the sake of contradiction, that Eq. (1) has an even- 
tually positive solution y(t). Set 
Z(t)=y(t)+ F rjY(tuajk 
j= 1 
Then 
z(“)(l)= - f q,y(t-o,)<O 
SC1 
and from Eq. (16), we have 
z’“‘(f)+ 5 qsz(t-a,)<O. 
s= 1 
From Lemma 1, z(t) > 0 and z(t) is decreasing; then we have 
z’“‘W+ 2 q5. z(t--a,)<6 
( > s=l 
(27) 
But in view of Lemma 4(ii) and condition (26), inequality (27) cannot have 
an eventually positive solution. This contradicts the fact that z(t) > 0. The 
proof is complete. 
Next, we turn to the case where n is even. 
THEOREM 4. Assume that n is even and that the hypothesis (H) is 
satisfied. Suppose n, = 0, then every solution of Eq. (1) oscillates. 
ProofI Assume, for the sake of contradiction, that y(t) is an eventually 
positive solution of Eq. (1). Then we have 
Z(t)=y(t)+ 5 pjy(t-Ti)>“, 
i= 1 
that is 
n,- 1 
z(t)=y(t)+ c PiY(t-ri)+(Pn,+l)Y(l-Tn,)-Y(t--~,)>O, 
i=l 
which contradicts Lemma 1. The proof is complete. 
409/14812-9 
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THEOREM 5. Assume that n is even and that the hypothesis (H) is 
satisfied. Suppose that 
-l<$ rj<o (28) 
i= I
and 
Then every solution of Eq. (1) oscillates. 
Proof: Assume, for the sake of contradiction, that Eq. (1) has an 
eventually positive solution y(t). Set 
Z(t)=y(t)+ 2 Pjy(t-ti)+ f  rjy(t-6,) 
i=l j= 1 
then 
z’“‘(t)+ -$ q5y(t-cs)=0. 
.s= I 
From Lemma 1, z(t) < 0, z(t) is bounded and increasing. Set 
w(t)=z(t)+ z piz(t-Zi)+ f rjz(t-si) 
i=l /=I 
then 
w’“‘(t)+ f qsz(t-C7,)=0. 
S=l 
Since z(t) is bounded, w(t) is bounded. Then 
w(t)< f r,z(t-bj)< fJ 
( > 
rj 4-b,,) 
j=l j=l 
z(t-&,)< 1 f Yj w(t) 
(1 > j=l 
z(t--a,)< 1 T rj w(t-(0,-S,,)); 
(’ > j=l 
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it follows that 
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w’“‘(t)= - f qJ(t-a,)>, 
( 1 -,!, 
4s z(t--al) 
s=l 
(-w(t))‘“‘- - 2 ( s=l qspl 5) (-w(t-(fJ1-bnJ)kO. (30) 
And also from Lemma 3, we have that w(t) > 0. Then 
-w(t)<0 and -w(t) is bounded. (31) 
In view of Lemma 4(iii), it follows that inequality (30) cannot have an 
eventually negative bounded solution. This contradicts (3 1) and completes 
the proof of the theorem. 
THEOREM 6. Assume that n is even and that the hypothesis (H) and the 
condition (29) are satisfied. Suppose that 
Then every bounded solution of Eq. (1) oscillates. 
Proof. Assume, for the sake of contradiction, that Eq. (1) has an 
eventually positive and bounded solution y(t). Then z(t) is bounded. So 
(13) holds. Then we have z(t) < 0 and z(t) is increasing. Then, as in the 
proof of Theorem 5, (30) holds. Also, in view of the fact that -w(t) < 0 
and -w(t) is bounded, as in the proof of Theorem 5, this leads to a contra- 
diction. The proof is complete. 
REFERENCES 
1. G. LADAS AND Y. G. SFICAS, Oscillations of higher-order neutral equations, J. Au&al. 
Math. Sot. Ser. B 27 (1986), 502-511. 
2. D. LADAS AND I. P. STAVROULAKIS, On delay differential inequalities of higher order, 
Canad. Math. Bull. 25 (1982), 348-354. 
3. G. LADAS AND I. P. STAVROULAKIS, Oscillations of differential equations of mixed type, 
J. Math. Phys. Sci. 18 (1984), 245-262. 
4. J. HALE, “Theory of Functional Differential Equations,” Springer-Verlag, New York, 1977. 
